This paper presents a novel discrete-time ATM tra c model which exhibits a long range dependence character. The process results from the superposition of an in nite number of on/o sources which have an increasing mean on and o period duration. The condition under which the process has the long range dependence property is a simple function of the parameters of the on/o sources. Moreover, the Hurst parameter of the process is given explicitly. By considering the tra c model in a matrix-analytic setting, the behaviour of a queueing system with this tra c as input, can be analyzed. Also the correlation structure is characterized by means of the Index of Dispersion for Counts and its limit is investigated. Numerical examples illustrate the properties of this process.
Introduction
Recent measurements of LAN tra c (see (Leland, Taqqu, Willinger & Wilson 1994) , (Fowler & Leland 1991) ) and variable bit rate (VBR) video tra c (see (Beran, Sherman, Taqqu & Willinger 1995) ), show their bursty character accross a high range of time scales. Statistical analysis reveals slowly decaying variances and long range dependence of the number of packets arriving in a time slot. This suggest a self-similar behaviour of this type of tra c. In a discrete-time setting, the long range dependence of a process X t can be characterized in di erent ways. Let A n = P n k=1 X k denote the cummulative process and f( ) the spectral density of X n . Then X n is said to be long range dependent if one of the following conditions is satis ed (see (Roberts, Mocci & Virtamo 1996 , page 317)) : cov(X 0 ; X n ) n 1 ; 1 = 2H ? 2 var(A n ) n 2 ; 2 = 2H f( ) 3 ; 3 = 1 ? 2H, where the asymptotics hold for n ?! 1 and ?! 0. In these conditions H denotes the Hurst parameter (or self-similarity parameter), with H 2] 1 2
; 1]. This Hurst parameter is an essential characteristic of long range dependence tra c. Conventional tra c models, such as the pure Poisson process, the Markov modulated Poisson-like processes (e.g. MAP, D-MAP, BMAP, D-BMAP, see (Neuts 1989) , (Lucantoni 1991) , (Blondia 1993) ), or uid ow models (Anick, Mitra & Sondhi 1982) , do not capture this long range dependence and consequently are not appropriate to model this type of tra c. From the measurements it also follows that established views, such as the aggregate tra c becomes smoother as the number of (bursty) sources increases, do not hold any longer. On the contrary, the burstiness of the aggregate tra c increases. These observations have started an intensive research on models which capture the long range dependence nature of the tra c. Examples of such models are the Fractional Brownian Motion, FARIMA process ( (Roberts et al. 1996) , chaotic maps, etc ... Unfortunately, queueing analysis results of systems where these tra c models are used are hardly available. An alternative approach has been proposed in (Andersen 1995) , (Andersen, Jensen & Nielsen 1995) and (Robert & Le Boudec 1995) , where Markovian arrival processes (MAP) are used to model self-similarity over several time scales. A tting algorithm to chose the parameters of the MAP is proposed in (Andersen & Nielsen n.d.) . Another approach to characterize long range dependent tra c is through an in nite superposition of on/o sources which have an on period with a heavy tail. An example can be found in (Likhanov, Tsybakov & Georganas 1995) , where the resulting queue is an M/G/1 system with Pareto service time distribu-tion. In this paper, we propose a new model for ATM tra c resulting from the superposition of a sequence of on/o sources, with increasing mean on and o periods as the index of the sequence increases. The model has the following characteristics : (i) It is de ned by means of three parameters (a; b; p); (ii) Under the condition that a b 2 , the resulting process exhibits a long range dependence character; (iii) The Hurst parameter is given explicitly by H = 1 2 ( log b log a?log b ); (iv) The analysis of the queueing system whose input consists of this process can be seen as the limit of a sequence of Markovian queues, which are analytically tractable; (v) The Index of Dispersion for Counts (IDC) and its limit can be expressed in a closed form.
The ideas which led to the proposed tra c model can be found in (Roberts et al. 1996) p. 338, but it seems rather di cult to mathematically analyze the pseudo self-similar tra c models based on Markov chains presented there.
The paper is organized as follows. Section 2 de nes the tra c model which is the subject of this paper. In Section 3 the important properties of this process, characterizing long range dependence, are given. Section 4 derives an explicit expression for the IDC of this process and its limit. In Section 5 the behaviour of a queue whose input consists of this process is investigated. Section 6 illustrates the properties of the process by means of numerical examples. Conclusions are drawn in the last Section and also an outlook to future research is given.
2 The tra c model
De nitions
The tra c model that is envisaged is de ned in the framework of Markovian Arrival Processes. For completeness reasons we recall the de nition of a Discrete-Time Batch Markovian Arrival Process (D-BMAP), the discretetime version of the BMAP de ned in (Neuts 1989) and (Lucantoni 1991) . (For more details, we refer the reader to (Blondia 1993) ). Consider a discrete-time Markov chain with transition matrix D. Suppose that at time k this chain is in some state i, 1 i m. At the next time instant k + 1, there occurs a transition to another or possible the same state and a batch arrival may or may not occur. With probability (d 0 ) i;j , 1 i m, there is a transition to state j without an arrival, and with probability (d n ) i;j , 1 i m, n 1, there is a transition to state j with a batch arrival of size n. We A D-MAP is a special case of a D-BMAP, where arrivals have a batch of size 1 (for examples we refer to (Blondia 1993) ). Now we de ne the processes which are used to obtain the long range dependent process. Consider a sequence (X (i) ) i2N of independent on/o sources with the following characteristics. Let 1 < b < a. Assume that both the on and o period of the process X (i) are geometrically distributed with mean duration ( a b ) i , resp. a i . While on, the source generates a cell in a slot with probability p, with 0 < p < 1. Using matrix analytic notations, X we see that for increasing i, both the on and o periods become longer. This property of the process X (i) will be responsible for the long range dependence of the envisaged process. Let us now characterize the correlation structure of the process X (i) . From (Blondia 1993) , we know that
Hence one can easily verify that
In view of (Blondia 1993) , p. 8, we know that a nite superposition Y
is not a D-BMAP any longer, but since the X (i) are independent, the expressions for the fundamental arrival rate 
Proof. See appendix. .
In Section 5, the above properties are illustrated through numerical examples. Using this expression in (7), we obtain that J 
From equation (9) it follows that the limit of the IDC of the process Y (1) is in nite if b 2 6 a, which is exactly the condition under which the process has the long range dependence property (see Property 1 in Section 3). This is in agreement with the criterion that a process is long range dependent if its IDC is diverging.
Queueing Behaviour
We consider a queue of the G/D/1-type which has the arrival proces Y 
and = P M i=1 (i) .
We show that the right hand side of (13) is diverging for M ?! 1. is long range dependent. This result is in accordance with the one obtained in (Likhanov et al. 1995) . In this example we illustrate Property 1 of Section 3. Consider two superpositions of on/o sources, the rst with parameters a 1 = 5 and b 1 = 2 and the second with parameters a 2 = 5 and b 2 = 2:35. Application of Property 1 immediately shows that contrary to the second superposition, the rst superposition is long range dependent (as b 2 1 6 a 1 ). This is illustrated in Figure   1 , where the sum of covanriances of the rst superposition clearly does not converge, while the second superposition does.
Example 2
In this example we consider the processes Y
. We illustrate the in uence of the value M on the behaviour of the sum of covariances 
Conclusions and Future Research
In this paper we have introduced a discrete-time tra c model resulting from the superposition of a sequence of on/o sources with increasing on and o period duration. Under a simple condition, the tra c model exhibits a long range dependence character. Moreover the Hurst parameter can be computed explicitly. Queueing problems in which this process is involved can be easily handled by considering a matrix-analytic approach. The correlation structure of the process is investigated by means of the IDC and its limit. Here again closed form formulas are obtained. The proposed process will be used in future research to investigate the inuence of long range dependent tra c on delays and loss probabilities in queueing systems when merging with Markovian tra c. Furthermore we will investigate how to choose the parameters when matching this process with data obtained from measurements.
= a can be proved in a similiar way. To simplify things we rst study the behaviour of the function 
for > 0 such that b 2+ < a and some C > 0.
